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What is Mathematics?

The quest ion of the ulti mate foundati ons and the ult imate meaning
of mathematics remains open; we do not know in what direction it
will “nd it s “na l soluti on or whether a “na l objecti ve answer may be
expected at all. •Mat hemat izingŽ may well be a creative activ it y of
man, lik e language or music, of primary origin alit y, whosehistorical
decisions defy complete objective rat ionalizat ion. (Weyl)

1.1 Introduction

We start out by giving a very brief idea of the nature of mathemat ics and
the role of mathemat ics in our society.

1.2 The Modern World: Automatized Production
and Computation

The massconsumpt ion of the industrial society is made possibleby the au-
tomati zed mass production of material goods such as food, clothes,housing,
TV- sets, CD-players and cars. If theseitems had to be produced by hand,
they would be the privileges of only a select few.

Analogously, the emerging information society is based on mass con-
sumpt ion of automati zed computati on by computers that is creating a new
•vi rtual realityŽ and is revolut ionizing technology, communication, admin-
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F ig. 1.1. First pict ure of book print ing technique (from Danse Macabre, Lyon
1499)

istrat ion, economy, medicine, and the entertainment industry. The infor-
mat ion society o� ers immaterial goods in the form of knowledge, infor-
mat ion, “ ct ion, movies, music, games and meansof communication. The
modern PC or lap-top is a powerful computing device for mass produc-
t ion/consumpt ion of information e.g. in the form of words, images,movies
and music.

Key steps in the automat izat ion or mechanization of production were:
Gutenbergs•s book print ing technique (Germany, 1450), Christo� er Pol-
hem•sautomatic machine for clock gears (Sweden, 1700), The Spinnning
Jenny (England, 1764), Jacquard•spunched card controlled weaving loom
(France, 1801), Ford•s product ion line (USA, 1913), seeFig. 1.1, Fig. 1.2,
and Fig. 1.3.

Key steps in the automatization of computation were: Abacus (Ancient
Greece,Roman Empire), Slide Rule (England, 1620), PascalsMechanical
Calculator (France, 1650), Babbage•s Di� erence Machine (England, 1830),
Scheutz• Di� erence Machine (Sweden, 1850), ENIAC Electronic Numer-
ical Integrator and Computer (USA, 1945), and the Personal Computer
PC (USA, 1980), see Fig. 1.5, Fig. 1.6, Fig. 1.7 and Fig. 1.8. The Dif-
ference Machines could solve simple di�er entia l equations and were used
to compute tables of elementary funct ions such as the logarithm. ENIAC
was one of the “ rst modern computers (electronic and programmable),
consisted of 18.000 vacuum tubes “ lling a room of 50 × 100 square feet
with a weight of 30 tons and energy consuming of 200 kilowat ts, and
was used to solve the di�er entia l equations of ballistic “ ring tables as
an important part of the Allied World War I I e�o rt . A modern laptop
at a cost of $2000 with a processorspeed of 2 GHz and internal mem-
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F ig. 1.2. Christ o� er Polhem•s machine for clock gears (1700), Spinning Jenny
(1764) and Jaquard•s programmable loom (1801)
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F ig. 1.3. Ford assembly lin e (1913)

ory of 512 Mb has the computat ional power of hundreds of thousands of
ENIACs.

Auto matization (or automat ion) is basedon frequent repetition of a cer-
tain algorithm or scheme with new data at each repetit ion. The algorithm
may consist of a sequenceof relatively simple steps together creating a more
complicated process.In automatized manufacturing, as in the product ion
line of a car factory, physical material is modi“ed following a str ict repeti-
tiv e scheme,and in automatized computat ion, the 1s and 0s of the micro-
processor are modi“ed billio ns of times each second following the computer
program. Similarly, a genetic code of an organism may be seenas an al-
gorithm that generates a living organism when realized in interplay with
the environment . Realizing a genetic code many times (with small varia-
t ions) generates populations of organisms. Mass-product ion is the key to
increasedcomplexity following the patterns of nature: elementary particle
� atom � molecule and molecule � cell � organism � populat ion, or
the patter ns of our society: individua l � group � society or computer �
computer network � global net .

1.3 The Role of Mathematics

Mathematics may be viewed as the languageof computation and thus lies
at the heart of the modern informat ion society. Mathematics is also the lan-
guageof scienceand thus liesat the heart of the industr ial society that grew
out of the scienti“ c revolution in the 17th century that began when Leibniz
and Newton created Calculus. Using Calculus, basic laws of mechanics and
physics, such as Newton•s law, could be formulated as mathematical mod-
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F ig. 1.4. Computi ng device of the Inca Culture

els in the form of di� erential equations. Using the models, real phenomena
could be simulated and contr olled (more or less) and industrial processes
could be created.

The massconsumpt ion of both material and immaterial goods, consid-
eredto bea corner-stoneof our modern democrat ic society, is madepossible
through automatization of product ion and computation. Therefore, math-
emat ics forms a fundamental part of the technical basis of the modern
society revolving around automat ized product ion of material goods and
automat ized computation of informat ion.

The vision of virtual reality basedon automat izedcomputation was for-
mulated by Leibniz already in the 17th centur y and was developed further
by Babbagewith his Analyt ical Engine in the 1830s.This vision is “ nally
being realizedin the modern computer age in a synthesis of Body & Soul
of Mathematics.

We now give some examples of the use of mathematics today that are
connectedto di� erent forms of automat ized computat ion.
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F ig. 1.5. Classical computational tools: Abacus (300 B.C.- ), Galileo•s Compass
(1597) and Slid e Rule (1620-)
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F ig. 1.6. Napier•sBones (1617), PascalsCalculator (1630), Babbage•sDi� erence
Machine (1830) and Scheutz• Swedish Di� erence Machine (1850)
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F ig. 1.7. Odhner•s mechanical calculator made in Göteborg, Sweden, 1919…1950

F ig. 1.8. ENIAC Electronic Numerical Integrator and Calculat or (1945)
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1.4 Designand Production of Cars

In the car industry, a model of a component or complete car can be made
using Computer Aided Design CAD. The CAD-model describes the ge-
ometry of the car through mathemat ical expressions and the model can
be displayed on the computer screen.The performance of the component
can then be tested in computer simulati ons, where di� erential equations
are solved through massive computation, and the CAD-model is used as
input of geometrical data. Further, the CAD data can be usedin automa-
tized production. The new technique is revolutionizing the whole industr ial
processfrom designto production.

1.5 Navigation: From Stars to GPS

A primary force behind the development of geometry and mathemat ics
sincethe Babylonianshasbeenthe needto navigateusing informat ion from
the positio ns of the planets, stars, the Moon and the Sun. With a clock and
a sextant and mathemat ical tables, the sea-farer of the 18th century could
determine his position more or less accurately. But the results depended
strongly on the precision of clocks and observat ions and it was easy for
large errors to creepin. Historically, navigat ion has not beenan easy job.

Dur ing the last decade, the classical methods of navigat ion have been
replaced by GPS, the Global Positio ning System. With a GPS navigator
in hand, which we can buy for a couple of hundred dollars, we get our
coordinates (lat itude and longitude) with a precision of 50 meters at the
pressof a butto n. GPS is based on a simple mathematical principle known
already to the Greeks:if we know our distance to threepoint is spacewith
known coordinates then we can compute our position. The GPS usesthis
principle by measuring its distanceto threesatellites with known positio ns,
and then computes its own coordinates. To usethis technique, we needto
deploy satellites, keeptr ack of them in space and t ime, and measure rele-
vant distances,which became possibleonly in the last decades.Of course,
computers are used to keeptr ack of the satellites, and the microprocessor
of a hand-held GPS measures distancesand computes the current coordi-
nates.

The GPS has opened the door to massconsumption in navigat ion, which
was before the privilege of only a few.

1.6 Medical Tomography

The computer tomograph createsa pictures of the inside of a human body
by solving a certain integral equation by massive computat ion, with data
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F ig. 1.9. GPS-system wit h 4 satellit es

coming from measuring the attenuation of very weak X-rays sent through
the body from di�er ent directions. This technique o�er s mass consump-
tion of medical imaging, which is radically changing medical research and
practice.

1.7 MolecularDynamicsand Medical Drug Design

The classicway in which new drugsarediscoveredis an expensiveand time-
consuming process.Fir st, a physical search is conducted for new organic
chemical compounds, for example among the rain forestsin South America.
Once a new organic molecule is discovered, drug and chemical companies
licensethe moleculefor usein a broad laboratory investigat ion to seeif the
compound is useful. This search is conducted by expert organic chemists
who build up a vast experiencewith how compoundscan interact and which
kind of interactions are likely to prove useful for the purposeof controlling
a diseaseor “xing a physical conditio n. Such experienceis neededto reduce
the number of laboratory t rials that areconducted, otherwisethevast range
of possibilities is overwhelming.

The use of computers in the search for new drugs is rapidly increasing.
One use is to makeup new compounds so as to reduce the need to make
expensive searches in exotic locations like southern rain forests. As part of
this search, the computer can also help classify possible con“g urat ions of
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F ig. 1.10. Medical tomograph

molecules and provide likely rangesof interactions, thus greatly reducing
the amount of laboratory testing t ime that is needed.

1.8 Weather Prediction and Global Warming

Weather predictions are based on solving di� erent ial equat ions that de-
scribe the evolutio n of the atmosphere using a super computer. Reasonably
reliable predictions of daily weather are routinely done for periods of a few
days. For longer periods. the reliabilit y of the simulation decreasesrapidly,
and with present day computers daily weather predictions for a period of
two weeksare impossible.

However, forecasts over months of averagesof temperature and rainfall
are possiblewith present day computer power and are routinely performed.

Long-t ime simulationsover periods of 20…50years of yearly temperature-
averagesare done today to predict a possibleglobal warming due to the use
of fossil energy. The reliabilit y of thesesimulations are debated.

1.9 Economy: Stocks and Options

The Black-Scholesmodel for pricing options has created a new market of
so called derivat ive trading as a complement to the stock market. To cor-
rectly price options is a mathematically complicated and computat ionally
intensive task, and a stock broker with “ rst classsoftware for this purpose
(which responds in a few seconds), has a clear t rading advantage.
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F ig. 1.11. Th e Valium molecule

1.10 Languages

Mathemat ics isa language. There aremany di� erent languages.Our mother
tongue, whatever it happens to be, English, Swedish, Greek, et cetera, is
our most important language,which a child masters quite well at the age
of three. To learn to wri te in our native language takes longer t ime and
more e� ort and occupies a large part of the early school years. To learn
to speak and write a foreign language is an import ant part of secondary
educat ion.

Language is used for communication with other people for purposesof
cooperation, exchange of ideasor control. Communication is becoming in-
creasingly important in our society as the modern means of communication
develop.

Using a languagewe may create models of phenomenaof interest, and by
using models,phenomenamay be studied for purposesof understanding or
predict ion. Modelsmay beusedfor analysis focussed on a close examinat ion
of individual parts of the model and for synthesis aimed at understanding
the interplay of the parts that is understanding the model as a whole.
A novel is like a model of the real world expressedin a writ ten language
likeEnglish. In a novel the charactersof people in thenovel may beanalyzed
and the interaction betweenpeople may be displayed and studied.
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The ants in a group of ants or beesin a beeshive also have a language
for communication. In fact in modern biology, the interaction betweencells
or proteins in a cell is often described in terms of entities Žtalking to each
otherŽ.

It appears that we as human beings useour language when we think. We
then seemto usethe languageasa model in our head,wherewe try various
possibilities in simulati ons of the real world: • If that happens, then I•ll do
this, and if instead that happens, then I will do soand so. . .Ž. Planning our
day and setting up our calenderis also some type of modeling or simulat ion
of events to come. Simulat ions by using our language thus seemsto go on
in our heads all the t ime.

There are also other languages like the language of musical notation
with its notes, bars, scores,et cetera. A musical score is like a model of
the real music. For a trained composer, the model of the written score
can be very close to the real music. For amateurs, the musical score may
say very lit t le, because the score is like a foreign language which is not
understood.

1.11 Mathematics as the Languageof Science

Mathemat ics has beendescribed as the language of scienceand technology
including mechanics, astr onomy, physics, chemistry, and topics like ”uid
and solid mechanics, electromagnetics et cetera. The language of mathe-
matics is used to deal with geometrical conceptslike position and form and
mechanical concepts like velocit y, force and “e ld. More generally, mathe-
mat ics servesas a languagein any area that includes quanti tati ve aspects
described in terms of numbers, such as economy, accounting, statistics et
cetera.Mathematics serves as the basis for the modern meansof electronic
communication where information is coded as sequencesof 0•s and 1•s and
is t ransferred, manipulated or stored.

The wordsof the languageof mathematics oftenare taken from our usual
language, like points, lines, circles, velocit y, functions, relations, transfor-
mati ons, sequences, equality, inequalit y et cetera.

A mathemat ical word, term or concept is supposed to have a speci“c
meaning de“ned using other words and concepts that are already de“ned.
This is the sameprinciple as is usedin a Thesaurus,whererelativ ely compli-
cated words are described in terms of simpler words. To start the de“nitio n
process,certain fundamental concepts or words are used,which cannot be
de“ ned in terms of already de“ned concepts. Basic relat ions between the
fundamental concepts may be described in certain axioms. Fundamental
conceptsof Euclidean geometry are point and line, and a basic Euclidean
axiom states that through each pair of distinct points there is a unique
line passing. A theorem is a statement derived from the axioms or other



16 1. What is Mat hematics?

theorems by using logical reasoning following certain rules of logic. The
derivation is called a proof of the theorem.

1.12 The Basic Areasof Mathematics

The basic areasof mathemat ics are

� Geometry

� Algebra

� Analysis.

Geometry concernsobjects like lines, tr iangles, circles. Algebra and Anal-
ysis is based on numbers and functions. The basic areas of mathematics
education in engineering or scienceeducation are

� Calculus

� Linear Algebra.

Calculus is a branch of analysis and concernsproperties of functions such as
continuity, and operat ions on functions such as di� erentiat ion and integra-
ti on. Calculus connects to Linear Algebra in the study of linear functi ons
or linear t ransformations and to analytical geometry, which describes ge-
ometry in terms of numbers. The basic concepts of Calculus are

� function

� derivativ e

� integral.

Linear Algebra combinesGeometry and Algebra and connectsto Analytica l
Geometry. The basic concepts of Linear Algebra are

� vector

� vector space

� projection, orthogonality

� linear t ransformat ion.

This book teachesthe basicsof Calculus and Linear Algebra, which are
the areas of mathemat ics underlying most applicat ions.
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1.13 What Is Science?

The theoretical kernel of natural science may be viewed as having two
components

� formulat ing equat ions (modeling),

� solving equat ions (computat ion).

Together, theseform the essenceof mathematical modeling and computa-
tional mathematical modeling. The “r st really great t riumph of scienceand
mathematical modeling is Newton•s model of our planetary system asa set
of di�er ent ial equat ions expressingNewton•s law connecting force, thr ough
the inverse square law, and acceleration. An algorithm may be seen as
a strategy or constructive method to solve a given equat ion via computa-
tion. By applying the algorithm and computing, it is possible to simulate
real phenomena and make predictions.

Tradit ional techniques of comput ing were basedon symbolic or numer-
ical computation with pen and paper, tables, slide ruler and mechanical
calculator. Automatized computation with computers is now opening new
possibilities of simulat ion of real phenomena according to Natures own
principle of massive repet it ion of simple operations, and the areasof appli-
cations are quickly growing in science,technology, medicineand economics.

Mathemat ics is basic for both steps (i) formulating and (ii) solving equa-
t ion. Mathemat ics is used asa languageto formulate equations and as a set
of tools to solve equat ions.

Fame in sciencecan be reached by formulating or solving equat ions. The
successis usually manifested by connecting the nameof the inventor to the
equat ion or solut ion method. Examplesare legio: Newton•smethod, Euler•s
equat ions, Lagrange•s equat ions, Poisson•s equation, Laplace•s equation,
Navier•s equation, Navier-Stokes• equat ions, Boussinesq•sequation, Ein-
stein•s equat ion, Schrödinger•s equat ion, Black-Scholes formula. . . , most
of which we will meet below.

1.14 What Is Conscience?

The activit y of the brain is believed to consist of electrical/chemical sig-
nals/ wavesconnecting billio ns of synapsesin some kind of large scale com-
putat ion. The question of the natur e of the conscience of human beings has
played a central role in the development of human culture since the early
Greekcivilizat ion, and today computer scient ists seekto captur e its evasive
natur e in various forms of Ar ti“cia l IntelligenceAI. The idea of a division
of the activit y of the brain into a (small) conscious •rat ionalŽ part and
a (large) unconscious •irrationalŽ part, is widely acceptedsince the days of
Freud. The rational part has the role of •analysisŽ and •controlŽ towards
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some • purposeŽand thus has featur es of Soul, while the bulk of the • com-
putat ionŽ is Body in the sensethat it is • justŽ electrical/ chemical waves.
We meet the sameaspectsin numerical optimization, with the optimization
algorithm itself playing the role of Soul directing the computat ional e�o rt
towards the goal, and the underlying computation is Body.

We have beenbrought up with the idea that the conscious is in control
of the mental • computat ionŽ, but we know that this is often not the case.
In fact, we seemto have developed str ong skills in various kinds of after-
rationalizat ion: whatever happens,unlessit is an • accidentŽ or something
• unexpectedŽ, we seeit as resulting from a rat ional plan of ours made up
in advance, thus turning a posteriori observat ions into a priori predictions.

1.15 How to Cometo Grips with the Di�culties
of Understandingthe Material of this Book
and Eventually Viewing it as a Good Friend

We conclude this intr oductory chapter with some suggestions intended to
help the reader through the most demanding “r st reading of the book and
reach a state of mind viewing the book as a good helpful friend, rather than
the opposite. From our experience of teaching the material of this book,
we know that it may evoke quite a bit of frustrat ion and negative feelings,
which is not very productive.

Mathematics Is Di�cult : ChooseYour Own Levelof Ambition

Fir st, we have to admit that mathematics is a di�cult subject, and we see
no way around this fact.Secondly, one should realize that it is perfectly
possible to live a happy life with a career in both academicsand industry
with only elementary knowledgeof mathematics. There are many examples
including Nobel PrizeWinners. This means that it is advisable to set a level
of ambitio n in mathemat ics studies which is realistic and “ts the interest
pro“ le of the individual student . Many students of engineering have other
prime interests than mathemat ics, but there are also students who really
like mathemat ics and theoretical engineering subjects using mathematics.
The span of mathematical interest thus may be expected to be quite wide
in a group of students following a course basedon this book, and it seems
reasonable that this would be re”ected in the choice of level of ambit ion.

Advanced Material: Keep an Open Mind and Be Con“dent

The book contains quite a bit of material which is •advancedŽ and not
usually met in undergraduate mathemat ics, and which one may bypassand
still be completely happy. It is probably better to be really familia r with
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and understand a smaller set of mathemat ical tools and have the abilit y to
meet new challenges with some self-con“dence, than repeatedly failing to
digest too large port ions. Mathematics is so rich, that even a life of fully-
time study can only cover a very small part . The most important abilit y
must be to meet new material with an open mind and some con“dence!

SomeParts of Mathematics Are Easy

On the other hand, there aremany aspectsof mathematics which are not so
di�cult, or even • simpleŽ, oncethey have beenproperly understood. Thus,
the book contains both di�cult and simple material, and the “r st impres-
sion from the student may give overwhelming weight to the former. To
help out we have collected the most essent ial nontr ivial facts in short sum-
mariesin the form of Calculus Tool Bag I and I I , Lin ear Algebra Tool Bag,
Di� erential Equations Tool Bag, Applications Tool Bag, Fourier Analysis
Tool Bag and Analytic Functions Tool Bag. The reader will “nd the tool
bagssurprisingly short : just a couple pages,altogether say 15…20pages.If
properly understood, this material carriesa long way and is • allŽ one needs
to remember from the math studiesfor further studiesand professional ac-
t ivit ies in other areas.Since the book contains about 1200pagesit means
50…100pagesof book text for each one pageof summary. This means that
the book gives more than the absolute minimum of informat ion and has
the ambitio n to give the mathemat ical conceptsa perspective concerning
both history and applicabilit y today. So we hope the student doesnot get
tur ned o� by the quite a massive number of words, by remembering that
after all 15…20pagescaptures the essent ial facts. During a period of study
of say one year and a half of math studies, this e�ectiv ely means about one
third of a pageeach week!

Increased/Decreased Importance of Mathematics

The book re”ects both the increasedimportance of mathematics in the
informat ion society of today, and the decreasedimportanceof much of the
analytical mathemat ics “ lling the tr aditio nal curriculum. The student thus
should be happy to know that many of the tr aditio nal formulas are no
longer such a must, and that a proper understanding of relativ ely few basic
mathemat ical facts can help a lot in coping with modern life and science.

Which Chapters Can I Skip in a First Reading?

We indicate by * certain chapters directed to applicat ions, which one may
by-passin a “ rst reading without loosing the main thread of the presenta-
t ion, and return to at a later stageif desired.
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Cha pter 1 Problems

1.1. Find out which Nobel Pri ze Wi nners got the pri ze for formulati ng or solving
equation s.

1.2. Re” ect about the nature of •t hinkingŽ and • comput ingŽ.

1.3. Fin d out more about the topics ment ioned in the text .

1.4. (a) Do you lik e mathemat icsor hate mathematics, or something in between?
Explain your standpoint . (b) Specify what you would like to get out of your
studies of mathematics.

1.5. Present some basic aspects of science.

F ig. 1.12. Left person: • Isn•t it remarkable that one can compute the distance
to stars like Cassiopeja, Al debaran and Sirius?Ž. Right person: • I “nd it even
more remarkable that one may know their names!Ž (Assar by Ulf Lundqui st )


